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Electromagnetic soliton damping in a ferromagnetic medium
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We study the propagation of an electromagnetic wave in an isotropic damped ferromagnetic medium with
free charges. When the magnitude of the damping is small the excitations of magnetization of the medium and
the magnetic induction and magnetic field of the electromagnetic wave are governed by solitons. When the
damping increases the electromagnetic solitons decelerate and the shape distorts at one end. Also the electro-
magnetic soliton gets damped as time progresses.@S1063-651X~97!06412-X#

PACS number~s!: 41.20.2q, 11.10.Lm, 75.60.Ej
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I. INTRODUCTION

The propagation of an electromagnetic wave~EMW! in
ordered magnetic media especially in a ferromagnetic
dium has become very useful in the context of technolo
cally important magneto-optical recordings for higher st
age and fast reading@1#. In a recent paper Danie
Veerakumar, and Amuda@2# found that in a charge-free fer
romagnetic medium the propagation of an EMW introduc
an effective field equivalent to the single ion uniaxial anis
ropy and constant external magnetic field. It was also
served that the magnetic induction lies in a plane norma
the direction of propagation. Further, the excitation of t
magnetization of the ferromagnetic medium is restricted
the normal plane at the lowest order of perturbation and g
out of the plane at higher orders. Also, the excitations of
magnetization and magnetic induction and hence the m
netic field were found to be governed by soliton modes. I
understood that the study of EMW propagation in ferrom
netic media with free charges and current density is v
important in ferrite devices such as ferrite loaded wa
guides at microwave frequencies@3,4#. Recently, Nakata@5#
and also Leblond@6# separately investigated the nonline
modulation of an EMW during propagation in a ferrite m
dium with free charges and Gilbert damping. However, b
descriptions do not take into account the effect of the curr
density created by the moving charges, which is essentia
the case of a medium with damping. Motivated by this, in
present paper we investigate the propagation of an EMW
an isotropic ferromagnetic medium by taking into accou
the effect of damping and the presence of current den
together. In Sec. II we formulate the model and derive
dynamical equations to be solved. In Sec. III the magnet
tion dynamics and the EMW propagation is treated usin
perturbation theory when the magnitude of damping is sm
The effect of damping on the excitations of magnetizati
magnetic induction, and hence on the magnetic field of
EMW when it is high is investigated in Sec. IV. Finally, th
results are concluded in Sec. V.

II. MODEL AND DYNAMICAL EQUATIONS

The Maxwell equations of electromagnetics@7# are writ-
ten as

¹•E5 ~1/e0! r, ~1a!
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¹•B50, ~1b!

¹`E52 ~]B/]t ! , ~1c!

¹`H5J1e0 ~]E/]t ! . ~1d!

Here the fieldsH5(Hx,Hy,Hz) andE5(Ex,Ey,Ez) have the
usual meaning of the magnetic and electric fields, resp
tively. B5(Bx,By,Bz) is the magnetic induction ande0 is the
dielectric constant of the medium.r is the free charge den
sity and J5(Jx,Jy,Jz) is the current density given by
J5s@E1V`B#, wheres is the conductivity of the medium
andV is the velocity with which the charges are moving. F
slowly moving charges the current density given above ta
the form J5sE; using this and Eq.~1a! in the continuity
equation for the free current given by¹•J52]r/]t, we
obtain r(t)5r(0)exp(2s/e0)t. This shows that any initial
free charge densityr(0) dissipates, i.e., it flows out to th
edges in a characterestic timet5e0/s. Therefore, we can
considerr50 and hence Eq.~1a! takes the form¹•E50. In
the case of untreated ferromagnetic materials, the magne
tion, the magnetic induction, and the magnetic field are c
nected by the linear relation@7#

H5 ~B/m0! 2M , ~2!

wherem0 is the permeability of the material. Now, taking th
curl on both sides of Eq.~1d! and using Eqs.~1b!, ~1c!, and
~2! and the relationJ5sE, after a little algebra we obtain

c2¹2B2
]2B

]t2 2
s

e0

]B

]t
5

1

e0
@¹2M2¹~¹•M !#. ~3!

Here c51/Am0e0 is the velocity of the propagation of th
EMW in the medium. Equation~3! describes the evolution o
the magnetic induction component of the EMW when
propagates in a ferromagnetic medium with magnetizat
M ~r ,t!.

The evolution of the magnetizationM ~r ,t! in an isotropic
ferromagnetic medium with Gilbert damping in the presen
of an external magnetic fieldH~r ,t! ~in the classical con-
tinuum limit! can be expressed in terms of the Landa
Lifshitz equation@8#

]M

]t
5M`@¹2M12AH#1a$M`@M`~¹2M12AH!#%.

~4!
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The first term on the right-hand side of Eq.~4! represents the
contribution due to the exchange interaction, the term p
portional to A corresponds to the Zeeman energy, and
term proportional toa represents the Gilbert damping due
the relativistic interaction. Conventionallya is identified as
the dimensionless Gilbert damping parameter that can
measured by means of a linewidth in a standard ferrom
netic resonance absorption experiment@3,9#. a can be treated
as a constant value as its variations with frequency are
higher order. In Eq.~4! 2A5gmB , whereg is the gyromag-
netic ratio andmB is the Bohr magneton. Equation~4! in one
dimension has already been studied independently as a
teresting nonlinear dynamical model of the classical c
tinuum Heisenberg ferromagnetic spin chain exhibiting m
netic soliton excitations whena50 @10# and soliton
damping whenaÞ0 @11,12#. Now the set of coupled equa
tions ~3! and ~4! completely describes the propagation of
EMW in an isotropic ferromagnetic medium with Gilbe
damping in the presence of free charges.

III. ELECTROMAGNETIC SOLITON
WHEN DAMPING

IS SMALL

In order to find the nature of the propagation of the EM
in the ferromagnetic medium with free charges and damp
we now try to solve the coupled dynamical equations~3! and
~4! after making a perturbation analysis. It was recen
found @2# that when the conductivitys of the medium and
the damping parametera are negligibly small~i.e., when
s5a50) the excitations of the magnetization of the m
dium and the magnetic induction and magnetic field of
EMW are governed by solitons. Now in order to investiga
the effect of damping we introduce the wave variab
ĵ5x2vt and stretch the wave variable and time variable
introducing

j5«ĵ, ~5a!

t5«3t, ~5b!

wheree is a very small parameter. Here the velocityv may
be identified @13,14# as v5@l/(11l)#1/2c, where
l5H0 /M0. H0 ,M0 are the values of the magnetic field an
magnetization in the unperturbed uniform state. As the
fects of conductivity and damping are small compared to
exchange interaction and the external field, we rescale
conductivity s and the damping parametera by using the
small parameter« as

s5«3s, ~6a!

a5«2a. ~6b!

Moreover, we have chosen the above specific rescaling
cause the conductivity is small compared to the damp
since the damping includes the effects due to the excha
interaction and external field. To study the weak nonlin
and damping effects we then expand the magnetizationM
and the magnetic inductionB using the small parameter« as

Si5(
j 50

« jSj
i , i 51,2, ~7!
-
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where S1’s and S2’s representM and B, respectively. We
now substitute Eqs.~6! and ~7! in the one-dimensional~say,
x) component equations~3! and ~4!, collect the coefficients
of different powers of«, and solve the resultant equation
For example, on solving the equations atO(«0), we obtain

B0
x50, ~8a!

B0
y5k21M0

y , ~8b!

B0
z5k21M0

z , ~8c!

M0
x50, ~8d!

wherek5e0(c22v2). Similarly, on solving the equations a
O(«1), we obtain

B1
x50, ~9a!

B1
y5k21M1

y , ~9b!

B1
z5k21M1

z , ~9c!

and

M1
x5~m0v/2AB0

z! ~]M0
y/]j! ~9d!

or

M1
x5~m0v/2AB0

y! ~]M0
z/]j! . ~9e!

Finally, atO(«2) after using Eqs.~8! we obtain

B2
x50, ~10a!

]

]j
@kB2

y2M2
y#52vF2e0

]B0
y

]t
2sB0

yG , ~10b!

]

]j
@kB2

z2M2
z#52vF2e0

]B0
z

]t
2sB0

zG . ~10c!

and

v
]M1

x

]j
1@M0

y ~]2M0
z/]j2!2M0

z ~]2M0
y/]j2!#

1
2A

m0
$@M0

yB2
z2M2

zB0
y1M1

yB1
z2M1

zB1
y1M2

yB0
z2M0

zB2
y#

1a@B0
x~M0

x2
21!1M0

x~M0
yB0

y1M0
zB0

z!#%50. ~10d!

Similarly, the equations for they and z components ofM1
can be obtained by replacing the components ofM andB in
Eq. ~10d! cyclically. Using Eqs.~8a!, ~8d! and Eqs.~9b!,
~9c!, Eq. ~10d! can be rewritten as

2v
]M1

x

]j
5@M0

y ~]2M0
z/]j2!2M0

z ~]2M0
y/]j2!#

1 2A/m0 $M0
yB2

z2M2
zB0

y1M2
yB0

z2M0
zB2

y%.

~11!

To proceed further we represent the unperturbed unifo
magnetizationM0 in terms of polar coordinates. As the ma
netization M0 is restricted to they-z plane in the lowest
order of perturbation@see Eq.~8d!#, we choosef asp/2 so
that M0 takes the form

M05~0,sinu,cosu!. ~12!
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Substituting Eqs.~8a!, ~8d!, ~9b!, ~9c!, and ~12! into the y
andz component equations ofM1 we obtain

2v ]M1
y/]j 5 2A/m0$2M1

xB1
z1M2

xB0
z%, ~13a!

2v ]M1
z/]j 52A/m0 $M1

xB1
y1M2

xB0
y%. ~13b!

It is interesting to note that in Eqs.~11! and ~13! the contri-
bution due to Gilbert damping, i.e., the terms proportiona
a, is absent. This is because the effect of damping is c
pensated by the nonlinearity. In the polar coordinate rep
sentation given in Eq.~12!, Eq. ~9d! takes the form

M1
x5~m0vk/2AB0

z! f , ~14!

where f 5]u/]j. Using Eqs.~10b!, ~10c!, ~12!, and ~14! in
Eq. ~11! and differentiating with respect toj, after some
lengthy algebra and calculations Eq.~11! can be made
equivalent to the modified Korteweg–de Vries~MKDV !
equation in the form

~] f /]t! 1 ~3/2! m f 2 ~] f /]j!1m ~]3f /]j3! 50, ~15!

where m5m0
2vk3/8e0A2. The MKDV equation ~15! is a

completely integrable nonlinear evolution equation posse
ing N-soliton solutions@15#. For instance, the one-solito
solution of Eq.~15! can be written as

f 52asechaz, ~16!

where z5j2ht, a25h/m, and h5 const. Knowingf , u
can be calculated and hence from Eqs.~12! and ~14! we
obtain the components of magnetization as

M1
x5

m0avk

A
sechaz, ~17a!

M0
y5122 sech2az, ~17b!

M0
z52tanhaz sechaz. ~17c!

Using Eqs. ~17! in Eqs. ~8b! and ~8c!, we obtain
B0

y5k21(122 sech2az) and B0
z52k21tanhaz sechaz.

Knowing B andM , the magnetic fieldH of the EMW can be
obtained using relation~2!. From the above we observe th
the excitation of the magnetization, the magnetic inducti
and the magnetic field are governed by soliton modes, e
in the presence of damping of small magnitude, thus indic
ing the possibility of lossless propagation of the EMW in
ferromagnetic medium as found experimentally in the c
of garnets~see, for example, Ref.@16#!.

IV. DAMPING OF ELECTROMAGNETIC SOLITON

In order to understand the effect of damping when it
significant, we redefine the damping parametera asa5«a
instead ofa5«2a as done earlier. We then substitute Eq
~5!, ~6a!, and~7! anda5«a in the one-dimensional compo
nent form of Eqs.~3! and~4! as before and solve the resu
ant equations. We find that the damping does not change
results at the orders of«0 and «1 and hence we have th
same equations as found in Eqs.~8! and ~9!. However, at
O(«2), we obtain Eqs.~10a!–~10d!, with the terms propor-
tional toa in Eq. ~10d! and in they- andz-component equa
tions of M1 replaced by new terms. For example, in E
~10d! the terms proportional toa are replaced by the follow
ing new terms:
o
-

e-

s-

,
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e

.
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a$B1
x~M0

x2
21!12B0

xM0
xM1

x1M1
x~M0

yB0
y1M0

zB0
z!

1M0
x~M0

yB1
y1M1

yB0
y1M0

zB1
z1M1

zB0
z!%. ~18!

On solving Eq.~18! as in Sec. III, after lengthy calculation
we end up with a perturbed MKDV equation with a dissip
tion termaJ(]2f /]j2), which upon making the transforma
tions f 8→ f /2 andt8→(m/2)t becomes

] f 8

]t8
16 f 82

] f 8

]j
12

]3f 8

]j3 522
aJ

m

]2f 8

]j2 , ~19!

whereJ54@mA/m0vk#.
The effect of the structural disturbance on the soliton e

lution due to the presence of the term proportional toa in
Eq. ~19! can be analyzed by using a perturbation theory f
lowing @17#. The results show that a small structural diffe
ence will lead to a slow variation of the soliton paramete
and distortion of the soliton shape. The one-soliton solut
of Eq. ~19! is of the form

f 852g0~t8!@sech~z!2W~z,t8!#, ~20!

where z52g0(t8)@j2f0(t8)# and the parametersg0(t8)
andf0(t8) are found from the relations

dg0 /dt85 1
2 *2`

` S R

coshzDdz,

and

df0 /dt854g0
21~1/4g0

2!*2`
` S Rz

coshzDdz.

.

The correction to the solitonW(z,t8) is determined from a
cumbersome expression that has the asymptotic form

W5
1

32g0
4 z2exp~2z!E

2`

`

R
dz

coshz
, z→` ~21a!

W5
1

32g0
42s8zE

2`

`

R dz, z→2`, ~21b!

FIG. 1. Deceleration of the electromagnetic soliton in a dissi
tive ferromagnetic medium@Eq. ~21! for a51.0, J/m521/4, and
u(0)51#.
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where 1/s858*g0
2dt8. HereR stands for the right-hand sid

of Eq. ~19!. On evaluating the integrals in theg0 and f0
equations the velocityu(t8)5dg0 /dt8 of the electromag-
netic soliton is found to evolve according to

u~t8!5u~0!$11~4/3!@2aJ/m#u2~0!t8%21/2. ~22!

From Eq.~22! we observe that the effect of Gilbert dampin
leads to the deceleration of the electromagnetic solit
which is illustrated in Fig. 1. In accordance with Eq.~20!, the
localization region of the soliton widens. From Eq.~21! the
variation of the soliton shape is given by the asympto
relations 2g0W5(2aJ/6m)u(t8)z2exp(2z) as z→` and
2g0W50 as z→2`. Knowing f 8 from Eq. ~20!, we can

calculateu from the relationf 85 1
2 (]u/]j) and hence the

magnetization of the medium using Eqs.~12! and ~14! and
consequently the magnetic induction and the magnetic-fi
component of the EMW can also be computed. In Fig. 2
illustrate how thex component of the magnetizationM1
@Mag(x)# gets damped. It is observed that the perturbationW
distorts the shape of the soliton only at one end of it, th
displaying a certain stability with respect to structural ex
tation. This is illustrated in Fig. 3 in the case of thez com-
ponent of the magnetizationM0 @Mag(z)#. The above con-
clusions of the soliton damping and distortion will also ho
true for the magnetic induction and magnetic field of t
EMW.

FIG. 2. Damping of the magnetization soliton (M1
x) in a dissi-

pative ferromagnetic medium.
n,
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V. CONCLUSIONS

In this paper we investigated the nature of propagation
the EMW in an untreated isotropic ferromagnetic mediu
with Gilbert damping and free charges. We found that wh
the magnitude of damping is small the results are similar t
charge-free ferromagnetic medium without damping a
therefore the excitations of the magnetization, the magn
induction, and hence the magnetic field of the EMW a
governed by solitons. When the magnitude of damping
creases, the above electromagnetic solitons undergo the
lowing changes. As time increases the electromagnetic s
tons decelerate and the amplitude of the solitons decre
and gets damped. Further, the dissipation due to Gilb
damping of the medium introduces a slight distortion in t
shape of the electromagnetic solitons only at one end, t
showing a certain structural stability.
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FIG. 3. Damping of the magnetization soliton (M0
z) in a dissi-

pative ferromagnetic medium.
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